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Abstract. This paper reviews the formulation of the Feynman-Vernon model of linear dissipative
systems for a standard Brownian particle moving in an external potential V (x, t) and introduces the
formulation of a generalized oscillator model of a Brownian particle coupled to a thermal environment
moving with a given velocity venv(t). Diffusion processes in a moving environment are of interest
e.g. in the study of the motion of vortices in superfluids. The starting point of the paper is the
formulation of the oscillator model that takes into account space and time invariance of a thermal
environment [M. Patriarca, Statistical correlations in the oscillator model of quantum Brownian
motion, Il Nuovo Cimento B, 111(1), 61-72 (1996), doi: 10.1007/BF02726201, arXiv:1801.02429],
which has the property of being finite and consistent with the classical limit. The Langevin equation
and the influence functional for a Brownian particle in a moving environment are derived.
I. INTRODUCTION AND BACKGROUND
Among the various approaches to quantum Brown-
ian motion explored so far, some are known to be un-
suited [1], while others, such as the category of models
based on the oscillator model of a thermal bath, have
provided valuable descriptions of that range of physical
phenomena, in which both quantum and statistical fluc-
tuations play a relevant role [2, 3]. This category of mod-
els includes e.g. the quantum Langevin equation [4, 5]
and the Feynman and Vernon model [6, 7], with its later
developments by Caldeira and Leggett [8, 9]. The latter
model is the subject of the present paper.
The possibility to describe dissipation in the quantum
regime is due to the fact that the oscillator model can
be defined in terms of a Hamiltonian function for the
whole system {central particle + environment}, analo-
gously to what is done for the quantization of a conser-
vative system. In the following, for the sake of clarity,
a one-dimensional linear dissipative environment is con-
sidered, in which an infinite set of harmonic oscillators
with coordinates {qi} = {q1, q2, . . . } is coupled linearly to
the coordinate of the central system x, as schematized in
Fig. 1. Dissipation appears in the system in the limit of
a continuous distribution in the angular frequencies {ωi}
of the oscillators, with a suitable density G(ω), related
to the response of the central degree of freedom.
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Figure 1. In the basic scheme of the oscillator model, the
central system x is linearly coupled to the environment oscil-
lators with coordinates q = {q1, q2, . . . }. A linear coupling
does not specify completely the form of total Lagrangian or
the initial conditions of the oscillators — see text for details.
However, as discussed below, the prescription of a lin-
ear coupling between bath oscillators and central system
does not specify completely the form of the Feynman-
Vernon model. In fact, such ambiguities concern both
the form of the Lagrangian and the initial conditions of
the bath oscillators and have observable consequences on
the classical and quantum dynamics of the central sys-
tem.
The route to the application of the Feynman-Vernon
model to quantum Brownian motion was explored by
Caldeira and Leggett, who studied, in particular, the
time-dependent problem of a quantum Brownian particle
in Refs. [8, 9]. They showed that the white-noise limit of
Brownian motion corresponds to an oscillator frequency
distribution function
GWN(ω) ≈
2η
pimω2
, (1)
where m is the oscillator mass and η is the friction coef-
ficient appearing in the Langevin equation,
Mx¨(t)− f(t) = −ηx˙(t) +R(t) . (2)
Here f(t) an external forcing and R(t) the environmental
noise force, which is a Gaussian stochastic process defined
by the first two moments
〈R(t)〉 = 0 , 〈R(t)R(s)〉 = 2ηkBTδ(t− s) , (3)
where T is the environment temperature. The ex-
plicit treatment of quantum Brownian motion given by
Caldeira and Leggett [8] reveals the general ambiguities
2affecting the Feynman-Vernon model, signalled for exam-
ple by the appearance of infinite potential terms related
to the oscillator sector of the total Lagrangian. However,
even after the removal of these divergences, the model
remain affected by further internal inconsistencies when
applied e.g. to the study of the motion of a wave packet.
Such additional inconsistencies can arise from the choice
of the initial conditions of the bath oscillators, as dis-
cussed in Ref. [10] and summarized here below.
The first goal of the present paper is to summarize
and discuss the general procedure needed to obtain the
central system dynamics avoiding the mentioned prob-
lems [10], which consists in
(a) properly formulating the Lagrangian of the total sys-
tem {central particle} + {bath oscillators};
(b) formulating of the corresponding initial conditions of
the bath oscillators;
(c) finally obtaining the (effective) dissipative dynamics
of the central system by integrating the oscillator coor-
dinates.
This procedure takes into account some symmetry prop-
erties of a standard dissipative environment, namely
space translation and reflection invariance (coming from
the hypothesis of homogeneity) and time reversal invari-
ance for the initial conditions (following from the as-
sumption of thermal equilibrium). The reformulation
thus obtained provides an intuitive visualization of the
environment oscillators and their initial conditions and
easily lends itself to be generalized to other types of en-
vironments. For instance, it has been applied to study
the motion of a Brownian particle in a constant mag-
netic field [11] and in thermal environments, which are
inhomogeneous in space or time, which can be described
through the most general coupling nonlinear in the cen-
tral particle coordinate but still linear in the environment
oscillator coordinates [12].
The second goal of the present paper is to illustrate the
generality of the procedure by formulating the Feynman-
Vernon model for describing a thermal environment mov-
ing with an arbitrary velocity venv(t) with respect to the
laboratory frame, illustrated in the scheme in Fig. 2.
Such a type of environments are met in some condensed
matter systems and the formalism presented here can be
used as a starting point for studying e.g. the effective
dynamics of vortices in superconductors, where the su-
perfluid or the normal component of the fluid represents
an environment with its characteristic velocity [13–15].
In Sec. II, the classical one-dimensional oscillator
model of linear dissipative systems is considered and then
its generalization to a moving thermal environment is
formulated. The results of the classical problem are then
used in Sec. III as an effective guiding line for formulating
the quantum version, i.e., the corresponding generalized
Feynman-Vernon model, summarized in Sec. IV.
Figure 2. Scheme of the generalized model with the central
system (x) coupled to a bath of environment oscillators with
coordinates q = {q1, q2, . . . } moving with velocity venv(t).
II. CLASSICAL MODEL
A. Standard classical model
In this section the formulation of the classical version of
the oscillator model of dissipative systems is summarized.
As it will appear clear in the following, the classical ver-
sion contains hints that are crucial for the formulation of
the quantum version, discussed in Sec. III. The total sys-
tem {central particle} + {environment} is conveniently
described by the Lagrangian
L(x, x˙, q, q˙}) = L0(x, x˙) +
∑
n
Ln(qn, q˙n, x) , (4)
where q = {q1, q2, . . . } and q˙ = {q˙1, q˙2, . . . } are the sets
of the oscillator coordinates and velocities, respectively,
L0 the Lagrangian of the isolated central particle, and the
generic term Ln describes the nth environment oscillator
and its interaction with the central system. The limit
of a continuous spectrum can be taken by transforming
the sum in Eq. (4) into an integral through a distribution
function G(ω) in the angular frequency, i.e.
∑
n
φ(ωn)→
∫
δωG(ω)φ(ω) , (5)
for an arbitrary function φ(ω). The Lagrangian L0 is
assumed to be given by
L0(x, x˙) =
1
2
Mx˙2 − V (x, t) , (6)
with V (x, t) an external potential. The Lagrangian
L0(x, x˙) of the isolated particle leads to Newton’s equa-
tion of motion,Mx¨−f = 0, with f(x, t) = −∂V (x, t)/∂x.
Therefore the environment sector
∑
n Ln(qn, q˙n, x) of the
total Lagrangian (4) must account for the environment
(dissipative and random) forces on the right hand side
of Eq. (2) and of their statistical properties in Eq. (3),
after the elimination of the oscillator variables has been
carried out.
3Figure 3. Scheme of the oscillator models corresponding to the Lagrangian in Eq. (8) (left) and to that in Eq. (7) for the
particular case cn = mω
2
n
(right) – in the latter case there is a spurious attraction toward the origin of the coordinate system.
The form of Eq. (4) suggests a physical interpretation
of the generic term Ln as the effective Lagrangian for the
nth oscillator, which also includes its interaction with the
central particle. In the original perturbative form of the
oscillator Lagrangian [6, 7],
Ln(qn, q˙n, x) =
m
2
q˙2n + cnqnx−
mω2n
2
q2n , (7)
the interaction strength is determined by the coupling
constants cn’s and one can in principle distinguish be-
tween the Lagrangian of the oscillator and that describ-
ing its interaction with the central particle. However, by
using Eq. (7), one cannot in general reproduce the envi-
ronment forces in Eq. (2). This can be seen e.g. from its
transformation properties, since the dissipative and ran-
dom forces are assumed to be homogeneous and therefore
must be left unchanged by a space translation or reflec-
tion, on the contrary of Eq. (7). In fact, the interaction
with the environment cannot be considered as a pertur-
bation to the central particle dynamics, since the envi-
ronment is supposed to have relaxed and be in thermal
equilibrium in the presence of the central particle.
In order for the oscillator sector to have the required
symmetry properties, one has first to assume that the os-
cillator and central particle coordinates transform in the
same way, i.e. they all represent physical coordinates.
This is not obvious a priori since no physical meaning for
the oscillators is provided explicitly by the model. Trans-
lation invariance requires the coupling constants to be
given by cn = mω
2
n, while reflection invariance requires
the addition of a suitable quadratic potential term to the
Lagrangian of each oscillator, so that the final form of
the Lagrangian of the nth oscillator reads [16–20]
Ln(qn, q˙n, x) =
m
2
[
q˙2n − ω
2
n (qn − x)
2
]
. (8)
This Lagrangian suggests a different mechanical picture
of the total system, schematized in Fig. 3 (left), in which
the central particle interacts with an infinite set of oscil-
lators with their equilibrium position on the central par-
ticle itself [20]. This is to be contrasted with the picture
corresponding to the Lagrangian in Eq. (7), see Fig. 3
(right), in which spurious attractive forces are present.
More importantly, the non-separability of Ln(qn, q˙n, x),
according to a perturbative scheme, is to be noticed, be-
ing a natural consequence of the central particle coordi-
nate representing its equilibrium position of the oscilla-
tor.
The general link between Lagrangian and initial con-
ditions is in the fact that the form of the Lagrangian
Ln(qn, q˙n, x) of the nth oscillator can be used to deter-
mine the corresponding initial conditions. Starting from
the total Lagrangian (4), one can obtain the total Hamil-
tonian of the system through the Legendre transforma-
tion,
H(x, p, q,p)= x˙p+
∑
n
q˙npn − L =
= H0(x, p) +
∑
n
Hn(qn, pn, x) . (9)
Here p = ∂L/∂x˙ = Mx˙ and pn = ∂Ln/∂q˙n = mq˙n are
the momenta of the central particle and of the nth oscilla-
tor, respectively, p = {p1, p2, . . . } the set of the oscillator
momenta, H0 the Hamiltonian of the central particle,
H0(x, p) = x˙p− L0 =
p2
2M
+ V (x, t) , (10)
and Hn can be interpreted as the Hamiltonian of the nth
oscillator,
Hn(qn, pn, x) = q˙npn − Ln =
p2n
2m
+
mω2n
2
(qn − x)
2
.
(11)
This is a basic point for the following considerations,
since in the oscillator model of dissipative systems it
is necessary to assume that the environment is in ther-
mal equilibrium in order to obtain the required statis-
tical properties of the environment forces (fluctuation-
dissipation theorem). Instead, it is possible, from an
operative point of view, to perform a measurement of
the initial state of the central particle. In other words,
4adiabatic initial conditions are assumed, in which the en-
vironment oscillators are in thermal equilibrium, relax-
ing on a much shorter time scale than that character-
izing the motion of the central particle, while no equi-
librium is assumed for the central particle, which may
be in principle in an arbitrary initial state. Correspond-
ingly, the probability distribution P0 of the central parti-
cle coordinates is arbitrary, while the corresponding dis-
tribution P
(n)
T of the generic nth oscillator can be writ-
ten straightforwardly as the canonical Gibbs-Boltzmann
distribution, in the hypothesis that Eq. (11) represents
the Hamiltonian of the nth oscillator: P
(n)
T (qn, pn) ∝
exp[−Hn(qn, pn, x)]/kBT . Due to the mutual indepen-
dence of the oscillators, the initial conditions for the total
system at the initial time t = t0, going back to configu-
ration space for convenience, are given by the following
probability distribution,
P (x0, x˙0, q0, q˙0) = P0(x0, x˙0)
∏
n
P
(n)
T (qn0, q˙n0) , (12)
where x0 = x(t0), x˙0 = x˙(t0), qn0 = qn(t0), and q˙n0 =
q˙n(t0), P0(x0, x˙0) is the initial probability density of the
central system, and
P
(n)
T (q, q˙) =
mωn
2pikBT
exp
{
−
m
2kBT
[
q˙2 + ω2n (q − x)
2
]}
,
(13)
is the canonical distribution of an oscillator of angular
frequency ωn. This normalized canonical distribution of
the nth oscillator (with a parametric dependence on the
central particle coordinate x) is unambiguously deter-
mined by the oscillator Lagrangian Ln(qn, q˙n, x), once
the adiabatic hypothesis is assumed.
As an example of initial distribution of the central par-
ticle,
P0(x0, x˙0) = δ(x0 − x¯)δ(x˙0 − v¯), (14)
represents the case in which the initial state of the central
particle is exactly known, with x¯ and v¯ representing the
values of position and velocity, respectively. This is an
approximation, since in general there will be some uncer-
tainty — e.g. due to thermal fluctuations — influencing
the measurement process and the initial conditions (14)
should be correspondingly replaced by a distribution with
finite x- and v-width.
Notice that even if the initial probability density in
Eq. (12) factorizes into the product of initial probabil-
ity distributions for each degree of freedom, it does not
factorize into a product of functions of the correspond-
ing coordinates — thus excluding the possibility of us-
ing the so-called “factorized initial conditions” frequently
employed.
Once the Lagrangian of the total system is known and
the initial conditions assigned, the effective equation of
motion for the coordinate x can be easily derived as fol-
lows. The equations of motion for the central particle
and the generic nth oscillator, obtained from the total
Lagrangian defined by Eqs. (4) and (8), are
Mx¨− f(x, t) =
∑
n
mω2n(qn − x) , (15)
mq¨n + ω
2
nqn = ω
2
nx , (16)
respectively. The second equation for the oscillator coor-
dinate qn(t) can be solved exactly for an arbitrary x(t),
with initial conditions qn(t0) = qn0 and q˙n(t0) = q˙n0
for the oscillator and x(t0) = x0 and x˙(t0) = x˙0 for the
central particle. While the initial central particle coor-
dinates are here assumed to be assigned, according to
Eq. (14), the oscillator initial coordinates are random
variables, consistently with the initial conditions defined
by the distribution P
(n)
T (qn0, q˙n0) given in Eq. (13). The
solutions qn(t) can then be replaced in the equation for
the central particle, Eq. (15). If Eq. (15) equation is to
be equivalent to the Langevin equation (2), one should
be able to partition the total oscillator force on the right
hand side into a systematic – dissipative – part depending
on the velocity of the central particle and a fluctuating
– random – force R(t). This can be done unambigu-
ously by requiring that the average random force is zero,
〈R(t)〉 = 0. The result assumes the form of the general-
ized Langevin equation [21–24],
Mx¨(t)− f(x, t) = −
∫ t
t0
ds u(t− s)x˙(s) +R(t), (17)
where the correlation function is given by
u(τ) =
∑
n
mω2n cos(ωnτ), (18)
and the random force is
R(t) =
∑
n
mω2n
[
(qn0 − x0) cos(ωnt
′) +
q˙n0
ωn
sin(ωnt
′)
]
,
(19)
where t′ = t − t0. Using this expressions for R(t) and
the initial conditions defined by Eqs. (12) and (13), it is
straightforward to show that the generalized fluctuation-
dissipation theorem holds [2, 3, 21–24],
〈R(t)〉 = 0, 〈R(t)R(s)〉 = kBTu(t− s) . (20)
This relation reduces to the white-noise limit of the
fluctuation-dissipation theorem, Eq. (3), when G(ω) is
given by the white-noise density (1), while correspond-
ingly the friction term in Eq. (17) reduces to the white-
noise dissipative force term−ηx˙ of the Langevin equation
(2).
B. Generalized classical model
Here a generalized model is studied, described by the
total Lagrangian in Eq. (4), where in place of Eq. (8) the
following Lagrangian of the nth oscillator is used,
Ln(qn, q˙n, x) =
m
2
[
(q˙n − venv)
2 − ω2n (qn − x)
2
]
, (21)
5obtained by shifting the oscillator velocities by a com-
mon function of time venv(t). As shown below, venv(t)
represents the velocity of the thermal environment, as
schematized in Fig. 2. Such a picture of a moving thermal
environment is valid in the hypothesis that the motion of
the environment does not perturb appreciably its state
of thermal equilibrium at temperature T (to this aim the
acceleration v˙env(t) should be small enough). The study
of the generalized model defined by Eqs. (4) and (21)
proceeds in a way very similar to that of the standard
model illustrated above.
The environment is assumed to be in thermal equi-
librium – and now it is to be assumed also that it re-
laxes on a time scale much shorter than that defined
by the function venv(t). The main difference is in the
conjugate momentum of the nth oscillator, which now
reads pn = ∂Ln/∂q˙n = mq˙n − venv. Correspond-
ingly, the canonical distribution for the nth oscillator,
P
(n)
T (qn, pn) ∝ exp[−Hn(qn, pn)]/kBT , rewritten in con-
figuration space, reads
P
(n)
T (qn0, q˙n0) =
mωn
2pikBT
exp
{
−
m[q˙n0 − venv(t0)]
2
2kBT
−
mω2n(qn0 − x0)
2
2kBT
}
. (22)
The Langevin equation for the central particle can be
obtained by the same procedure used above for the basic
model. While the Eq. (15) for the central particle is
unchanged, the equation of motion for the nth oscillator
(16) is now replaced by
q¨n + ω
2
nqn = ω
2
nx+ v˙env . (23)
Solving this equation and replacing it in the equation for
the central particle now gives the following generalized
Langevin equation,
Mx¨(t)−f(x, t) = −
∫ t
t0
ds u(t−s)[x˙(s)−venv(s)]+R(t) ,
(24)
where u(τ) is the same correlation function in Eq. (18)
while
R(t) =
∑
n
mω2n
[
(qn0 − x0) cos(ωnt
′)
+
q˙n0 − venv(t0)
ωn
sin(ωnt
′)
]
, (25)
where t′ = t−t0. Notice that both the dissipative and the
fluctuating forces now depend on the difference (x˙−venv),
suggesting that venv is the velocity of the thermal en-
vironment – in fact there is no dissipation only when
x˙(t) = venv. This ensures that, as in the standard os-
cillator model, the random force fulfills the fluctuation-
dissipation theorem, Eq. (20), reducing to the white-noise
limit (3) for a frequency density equal to the white-noise
frequency density (1).
III. QUANTUM MODEL
The classical model illustrated above can be used as a
guiding line for the formulation of the quantum model,
discussed in this section, apart from a relevant point con-
cerning the initial conditions of the density matrices of
the bath oscillators.
A. Standard quantum model
Here the quantum formulation of the model is sum-
marized [6–8]. The total system can be described by a
density matrix ρ(x, x′, q, q′, t), from which one obtains
the reduced density matrix of the central particle by in-
tegrating out the environment degrees of freedom,
ρ(x, x′, t) =
∫
dq1
∫
dq2 . . . [ρ(x, x
′, q, q′, t)]q=q′ . (26)
The time evolution of the reduced density matrix between
two generic times ta and tb > ta can be written as
ρ(xb, x
′
b, tb)=
∫
dxa dx
′
a J(xb, x
′
b, tb|xa, x
′
a, ta)ρ(xa, x
′
a, ta),
(27)
if the initial density matrix of the total system can be
factorized analogously to the classical initial conditions
(12), i.e.,
ρ(xa, x
′
a, qa, q
′
a, ta) = ρ0(xa, x
′
a, ta)
∏
n
ρn(qna, q
′
na) ,
(28)
where ρ0(xa, x
′
a, ta) and ρn(qna, q
′
na) represent the initial
density matrix for the central particle and the generic
nth oscillator, respectively. The effective propagator
J(xb, x
′
b, tb|xa, x
′
a, ta) in Eq. (27) has the following path-
integral expression,
J(xb, x
′
b, tb|xa, x
′
a, ta)
=
∫ b
a
DxDx′ exp
{
i
~
(S0[x]− S0[x
′])
}
F [x, x′], (29)
where a is a short notation for the boundary conditions at
t = ta, i.e., x(ta) = xa and x
′(ta) = x
′
a; b represents the
analogous conditions at t = tb; the functional S0[x] =∫
dtL0(x, x˙), with L0 given in Eq. (6), is the action of
the isolated central particle; and F [x, x′] is the influence
functional containing the effects of the environment. It
can be shown that the influence functional factorizes as
F [x, x′] =
∏
n
Fn[x, x
′] , (30)
into the product of the contributions Fn[x, x
′] of the sin-
gle oscillators. The explicitly form of the influence func-
tional of the nth oscillator is given by
Fn[x, x
′] =
∫
dqnb dqna dq
′
naK
∗
n(qnb, tb|q
′
na, ta; [x
′])
× Kn(qnb, tb|qna, ta; [x])ρn(qna, q
′
na, ta). (31)
6Here Kn(qnb, tb|qna, ta; [x]) is the wave function propaga-
tor for the nth harmonic oscillator, with boundary con-
straint qn(ta) = qna and qn(tb) = qnb, and a functional
dependence on the trajectory x(t) of the central system,
associated to the Lagrangian Ln(q, q
′, x) in Eq. (8). The
wave function propagator K of a harmonic oscillator can
be calculated analytically for an arbitrary function x(t),
but to evaluate the corresponding influence functional
(31) also the initial density matrix of the nth oscillator is
needed. On the analogy with the classical initial condi-
tions (13), the initial density matrix of the nth oscillator
is here written as
ρn(qna, q
′
na, ta) = ρ
(n)
β (qna −Xa, q
′
na −Xa), (32)
where Xa represents the position of the central parti-
cle (see below) and ρ
(n)
β (q, q
′) is the density matrix of
a quantum harmonic oscillator with angular frequency
ωn in thermal equilibrium at an inverse temperature
β = 1/kBT [7],
ρ
(n)
β (q, q
′) = (33)
κn exp
{
−
mωn
2~ sinh(β~ωn)
[(
q2 + q′ 2
)
cosh(β~ωn)− 2qq
′
]}
,
where the constant κn =
√
mωntanh(β~ωn/2)/pi~ is
fixed by the normalization condition
∫
dq ρ
(n)
β (q, q) = 1.
As for the coordinate Xa, it can only depend on the ini-
tial coordinates xa and x
′
a of the central particle. In gen-
eral, the oscillator coordinates qna and q
′
na in Eq. (32)
could have been shifted by different amounts Xa and
X ′a, writing the initial density matrix of the oscillator
as ρn(qna, q
′
na, ta) = ρ
(n)
β (qna − Xa, q
′
na − X
′
a). Since
ρn(qna, q
′
na, ta) represents a state of thermal equilibrium,
it has to be invariant under a time reversal – equivalent
to the exchange of qna and q
′
na in the oscillator density
matrix, which implies that Xa = X
′
a and that, at the
same time, Xa is a symmetrical function of xa and x
′
a.
Also, in a homogeneous environment, the density matrix
in Eq. (32) has to be invariant under a spatial transla-
tion, implying the same invariance for the expressions
q−Xa and q
′−Xa. Therefore Xa is a symmetrical linear
functions of xa and x
′
a,
Xa =
xa + x
′
a
2
. (34)
It is to be noticed that the form (32) of the initial con-
ditions for the generic oscillator contains the adiabatic
approximation in the quantum problem, i.e. the assump-
tion of thermal equilibrium for the environment degrees
of freedom only. A more rigorous treatment of the ini-
tial conditions would take into account the fact that the
central particle is influenced by the environment during
the measurement which defines its initial state and all
the degrees of freedom should be considered at the same
time – for a discussion of this point and more general
forms of initial conditions see Refs. [19, 20, 25]. To sum-
marize, in the initial conditions it is assumed (as in the
classical model) that a fast relaxation of the environment
around the central particle has taken place and that the
oscillator density matrix has a parametric dependence on
the central particle coordinate.
Results can be conveniently re-expressed by introduc-
ing the coordinates
X = (x + x′)/2, ξ = x′ − x, (35)
which, according to the interpretation of Schmid [26],
represent the observable value of position and a measure
of the corresponding quantum uncertainty, respectively.
Thus, Eq. (34) consistently represents the measured ini-
tial value of the central particle coordinate. Also the re-
sult for the influence functional can be expressed through
the new coordinates X and ξ,
F [X, ξ] = exp
(
i
~
∆S[X, ξ]
)
, (36)
where
∆S[X, ξ] =
∫ tb
ta
dt
∫ t
ta
ds ξ(t)[u(t− s)X˙(s) + iα(t− s)ξ(s)],
(37)
with the same u(t− s) defined by Eq. (18) and
α(τ) =
∑
n
m~ω3n
2
coth
(
~ωn
2kBT
)
cos(ωnτ). (38)
The term linear in X˙ in ∆S[X, ξ] corresponds to the clas-
sical dissipative force, while the last term describes ther-
mal fluctuations. In the high temperature limit, that
is when kBT ≫ ~Ω, where Ω is a frequency cut-off of
the frequency density G(ω), one recovers the classical
fluctuation-dissipation theorem, α(τ) → kBTu(τ). Also
the white-noise limit can be obtained, similarly to the
classical case, when Ω−1 is much smaller than all the
typical time scales of the system. However, some care
has to be used in this case, since the requirement of a
high Ω should be compatible with the independent con-
dition Ω ≪ kBT/~, which defines the high-temperature
limit.
B. Generalized quantum model
In order to generalize the procedure illustrated above
to a thermal environment moving with a given velocity
venv, one needs:
(a) the generalized Lagrangian of the total system; this
has been already discussed in Sec. II B;
(b) the quantum analogue of the classical equilibrium dis-
tribution Eq. (22)
It is easy to verify that the density matrix ρV (q, q
′) of
a system of mass m moving with average velocity venv
can be constructed from the corresponding density ma-
trix ρ0(q, q
′) describing the system in its rest frame by
multiplying it by the factor exp[imvenv(q − q
′)/~],
ρV (q, q
′) = ρ0(q, q
′) exp[imvenv(q − q
′)/~]. (39)
7This can be easily shown in the case of an isolated sys-
tem with wave function φ0(q) with a zero average mo-
mentum, p¯ = 0, which has a density matrix ρ0(q, q
′) =
φ0(q)φ
∗
0(q
′) and probability density P (q) = |φ0(q)|
2. A
system with wave function φ(q) = φ0(q) exp(imvenvq/~)
has the same probability density P (q) but an average
momentum p¯ = mvenv and a corresponding density
matrix ρV (q, q
′) = φ0(q)φ
∗
0(q
′) exp[imvenv(q − q
′)/~] ≡
ρ0(q, q
′) exp[imvenv(q−q
′)/~]. This is just what is needed
here, since the probability density of the oscillator should
remain unchanged (otherwise it would not represent any-
more an equilibrium state) while only its average velocity
is allowed to change. Therefore, the initial density matrix
of the nth oscillator is
ρn(qna, q
′
na, ta) =
ρ
(n)
T (qna−Xa, q
′
na−Xa) exp
[
i
mvenv
~
(qna−q
′
na)
]
, (40)
where ρ
(n)
T (qa −Xa, q
′
a −Xa) is the same density matrix
defined by Eqs. (32)-(34).
The calculation of the influence functional now pro-
ceeds similarly to the case of the basic model, but the
new Lagrangian (21) and the new initial conditions (40)
have to be used. For the calculation of the oscilla-
tor wave function propagator (which is defined by a
quadratic action) one only needs to know the classical
trajectory of the oscillators, defined by the equations of
motion mq¨n + ω
2
nqn = ω
2
n(x + v˙env/ω
2), in which the
term ω2nx is replaced now by ω
2
n(x + v˙env/ω
2). The
same replacement can be done in the standard propaga-
tor, Kn(qb, tb|qa, ta; [x]), to compute the new propagator,
Kn(qb, tb|qa, ta; [x+ v˙env/ω
2]). The result is again of the
form (36), where the effective action is now given by
∆S[X, ξ] = (41)
i
~
∫ tb
ta
dt
∫ t
ta
ds ξ(t){u(t− s)[X˙(s)− venv] + iα(t− s)ξ(s)},
in which the relative velocity X˙(s) − venv has replaced
the central particle velocity X˙(s) in Eq. (37).
IV. SUMMARY
The present paper has discussed the formulation of the
Feynman-Vernon model of Brownian motion and intro-
duced its generalization for a thermal environment mov-
ing with an assigned velocity venv(t). The formulation
is summarized by Eq. (40), which gives the initial condi-
tions for the bath oscillators, and by the influence phase
∆S/~, defined by Eq. (41), describing the effective dy-
namics of the central particle. The environment velocity
venv can be in turn a function of time, as long as it varies
slowly enough not to change the state of thermal equi-
librium of the oscillators. The scheme presented above
should be valid anyway for a constant environment ve-
locity. The model considered is expected to be suited for
the study of problems involving the motion of particles
in moving environments, such as superfluids.
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